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We present a general frame to extend functional renormalization group (fRG) based computa-
tional schemes by using an exactly solvable interacting reference problem as starting point for the
RG flow. The systematic expansion around this solution accounts for a non-perturbative inclusion
of correlations. Introducing auxiliary fermionic fields by means of a Hubbard-Stratonovich trans-
formation, we derive the flow equations for the auxiliary fields and determine the relation to the
conventional weak-coupling truncation of the hierarchy of flow equations. As a specific example we
consider the dynamical mean-field theory (DMFT) solution as reference system, and discuss the
relation to the recently introduced DMF2RG and the dual-fermion formalism.
PACS numbers: 71.10.-w, 71.27.+a
I. INTRODUCTION
One of the main challenges in non-relativistic quantum
many-body theory is the development of powerful tools
for treating correlations between fermionic particles, not
limited to specific parameter regimes. These would pro-
vide the keys for understanding and controlling many
of the most exciting experiments currently performed in
solid-state, nanoscopic- and cold-atoms physics. In fact,
the state-of-the-art theoretical tools allow for an accurate
treatment of quantum many-body correlations in specific
cases, but their reliability is not guaranteed in general.
A very powerful method, among those currently avail-
able and widely used for performing model and realis-
tic calculations of correlated fermions, is arguably the
functional renormalization group (fRG)1–4. The start-
ing point of the fRG is an exact functional flow equation,
which parametrizes the gradual evolution from an exactly
solvable initial action Sini (typically of an uncorrelated
problem) to the full final action Sfin of the many-body
problem of interest. Expanding the functional flow equa-
tion yields an exact infinite hierarchy of flow equations for
the n-particle one-particle irreducible (1PI) vertex func-
tions. However, for most calculations, the hierarchy of
equations is truncated at the two-particle level. Because
of this approximation, the validity of the conventional
fRG is limited to the perturbative weak-coupling regime,
except for situations in which phase space restrictions
suppress higher order contributions1,5,6. For the same
reason, the accuracy of the final results depends on the
choice of the initial conditions.
In spite of the limitation to the weak-coupling regime,
the fRG has led to powerful new approximation schemes:
In fRG, infrared singularities can be dealt with much
more efficiently than within the traditional resummations
of perturbation theory, due to the built-in RG struc-
ture. Moreover, –differently from other perturbative ap-
proaches, such as RPA– fRG is ”channel-unbiased”: The
fRG flow equations include the contributions of all scat-
tering channels (e.g., spin, charge, particle-particle) and
their reciprocal interplay.
The development of novel computation schemes for
extending the advantages of an fRG-treatment to the
strong-coupling regime, where e.g. Mott-Hubbard metal-
insulator transitions can occur, represents a very chal-
lenging, but highly rewarding task. In fact, the potential
of extending the fRG to the strong-coupling (SC) regime
in order to overcome the main restriction of the conven-
tional implementations has already motivated first pio-
neering studies7–9. The underlying idea is to access the
SC regime by changing the initial conditions of the fRG
flow: If these are extracted from the exact solution of
a suitably chosen interacting reference problem, a sig-
nificant part of the correlation effects are included non-
perturbatively already from the very beginning, while
the remaining ones will be generated, in all scattering
channels, by the fRG flow. Formally, this corresponds to
taking a SC ”reference” system SR as an initial action
Sini, provided that it allows for a reliable (numerical or
analytical) solution. In the case of the Anderson impu-
rity model for example, the atomic-limit and extensions
thereof have recently been used as a reference system to
define a SC starting point for the fRG flow8,9. For the
Hubbard-model on the other hand, the effective AIM de-
termined self-consistently by the dynamical mean-field
theory (DMFT) was chosen to define the initial condi-
tions of the fRG flow7. This approach, coined DMF2RG,
aims at a systematic and channel-unbiased inclusion of
correlations,7 beyond the purely local ones described,
non-perturbatively, by the DMFT. We note that the idea
of choosing a SC (or non-perturbative) reference system
for the fRG flow has been recently introduced also in the
context of spin-models10,11 or for systems of correlated
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Irrespective of the performance in specific cases, all
extensions of the conventional fRG face the challenge of
proving the validity of the truncation procedures in the
non-perturbative SC regime. This subject has never been
explicitly addressed and calls for a systematic derivation.
The main goal of this paper is to define the proper-
ties of the fRG schemes with a non-perturbative start-
ing point within a rigorous framework and a unified
formalism. To this aim, we consider a general start-
ing point for the perturbative expansion: performing a
Hubbard-Stratonovich transformation for the fermionic
degrees of freedom not associated to the chosen (SC) ref-
erence system, we derive an action in terms of the aux-
iliary Hubbard-Stratonovich fermionic fields (referred as
”dual” fermions14–22 in the context of the diagrammatic
extensions14–29 of DMFT). The resulting equations are
compared to those derived by directly working at the
level of the physical fermions, and finally, the physical
contents underlying the approximations made in the dif-
ferent schemes are critically analyzed.
The paper is organized as follows. In Sec. II we briefly
review the general procedure for decoupling the fermionic
degrees of freedom associated to a given reference system
with the introduction of auxiliary fermions. The formu-
lation in terms of auxiliary fields and its physical inter-
pretation is presented in Sec. III. In Sec. VI we derive
the flow equations in the auxiliary space and in Sec. V
we discuss the relation to other methods. Finally, in Sec.
VI, we summarize our results and draw conclusions.
II. INTERACTING REFERENCE SYSTEM
In the following, we present a general formalism that
allows for an expansion around an interacting reference
system. It was first introduced to set up an expansion
of the d-dimensional Hubbard model around the atomic
limit30, and has recently been used in the dual-fermion
(DF) formalism14–22 to include non-local correlations be-
yond DMFT.
Let us start with a system of fermionic particles de-
scribed by a general action of the form
S(ϕ¯, ϕ) = −(ϕ¯, g−1ϕ) + Sint(ϕ¯, ϕ). (1)
Here we use the compact notation (ϕ¯, ψ) :=
∑
ξ ϕ¯ξψξ.
g denotes the non-interacting Green function, and Sint
contains quartic interaction terms in the Grassmann
fields ϕξ, ϕ¯ξ. The multi-index ξ = (ωn, s) consists of
a fermionic Matsubara frequency ωn and a general quan-
tum number s including, e.g., momentum, spin and or-
bital index. We introduce an interacting reference system
described by the action
SR(ϕ¯, ϕ) = −(ϕ¯, g−1R ϕ) + Sint(ϕ¯, ϕ) (2)
written in terms of the same Grassmann fields as action
(1). It differs from the latter only in the quadratic part
g−1R , which is chosen such that the system is exactly solv-
able.
In order to expand the action
S(ϕ¯, ϕ) = SR(ϕ¯, ϕ)− (ϕ¯,∆ϕ) (3)
in the difference ∆ = g−1 − g−1R of the quadratic parts,
we cannot apply Wick’s theorem to the many-particle ref-
erence Green functions because the reference action SR
contains the quartic terms in the fields. Instead, we per-
form a fermionic Hubbard-Stratonovich transformation
(ϕ¯, nD−1nϕ) = ln
∫ D(ν¯, ν)
detD
e−(ν¯,Dν)+(ν¯,nϕ)+(ϕ¯,nν), (4)
introducing a set of auxiliary fermionic fields ν, ν¯. We re-
quire that the matrices nξ,ξ′ and Dξ,ξ′ fulfill the condition
nD−1n = ∆, which implies freedom in the choice of n.
At this point, we can perform the integration w.r.t. the
physical fields ϕ, to yield an action
Sa(ν¯, ν) = −(ν¯, g−1a ν) + Vˆ(ν¯, ν) (5)
that depends on the auxiliary fields only (see Appendix
B for more details), with an inverse Gaussian propagator
g−1a = −n
[
GR + ∆
−1] n (6)
that contains correlation effects already through the one-
particle Green function of the reference system GR. The
interaction of the auxiliary fields reads
Vˆ(ν¯, ν) = − [lnGR(η¯, η) + (η¯, GRη)]η=nν
η¯=nT ν¯
(7)
where GR corresponds to the generating functional of the
reference system Green functions
GR(η¯, η) = 1
ZR
∫
D(ϕ¯, ϕ)e−[SR(ϕ¯,ϕ)+(η¯,ϕ)+(ϕ¯,η)] (8)
with source fields η, η¯. While the freedom in the choice
of n can be maintained in all following considerations, we
focus on the conventional choice14
n = G−1R (9)
for the sake of simplicity50.
Before providing more details about the treatment of
the SC problem in auxiliary space, let us briefly sketch
in Fig. 1 the idea motivating the formulation of an fRG
flow from a SC starting point. In contrast to the case of
the conventional fRG, the initial uncorrelated generating
functional Gini is replaced by the one of the (solvable)
interacting system, GR. A suitable choice reduces the
effects of the truncation of the flow equations on the final
result, which is therefore closer to the desired Gfin.
III. THE AUXILIARY PROBLEM
Now that we have reformulated our initial problem
in terms of the auxiliary fields, we derive the expansion
3FIG. 1: Schematic representation of the fRG flow in a gen-
eral ”parameter space”. In conventional schemes the fRG flow
starts from the generating functional of an uncorrelated prob-
lem Gini. The approximations due to the truncation lead to
deviations of the result at the end of the flow from the exact
final generating functional Gfin. This truncation error can be
reduced by using a correlated reference system (provided its
generating functional GR is exactly known) as a starting point
for the flow.
around the reference system solution. By definition the
reference system solution is contained completely in the
non-interacting theory (Vˆ = 0) of the auxiliary fields,
while any treatment of the auxiliary interaction intro-
duces corrections that take into account the solution of
the physical system. In the following, we discuss the
physical interpretation of the propagator and of the in-
teraction of the auxiliary fields, before introducing the
relations between the physical quantities in auxiliary and
physical space.
A. Gaussian propagator
The Gaussian propagator of the auxiliary fields (6) has
interesting properties. We find that as ∆ tends to zero,
ga vanishes linearly
31
ga −−−→
∆→0
GR∆GR. (10)
This means that any expansion in the interaction con-
verges asymptotically, as higher order diagrams with N
internal lines will be suppressed as ∆N . For a physical
intuition of the propagation described by ga, we write
ga =
1
g−1 − ΣR −GR. (11)
The first term can be interpreted as an approximation to
the physical Green function (it actually brings the result
of the 0th order expansion in Vˆ), from which we subtract
the full reference propagator. In this sense, ga corre-
sponds to the difference of the interacting propagators.
Therefore it does not exhibit the typical ∼ 1/ω behavior
at large frequencies, but rather ∼ 1/ω2.
B. Interaction
By integrating out the physical fields ϕ, the interac-
tion of the auxiliary fields (7) is generated. It contains
two- and multi-particle interactions that are given by the
connected reference Green functions, where GR is ampu-
tated at each external leg.
We can thus schematically write
Vˆ(ν¯, ν) =− 1
4
G
(2),c
R
[(
G−1R ν¯),
(
G−1R ν¯), (G
−1
R ν
)
, (G−1R ν
)]
− 1
9
G
(3),c
R
[(
G−1R ν¯),
(
G−1R ν¯),
(
G−1R ν¯), (G
−1
R ν
)
, (G−1R ν
)
, (G−1R ν
)]
+ ... (12)
where G
(m),c
R (m = 2, . . . ,∞) denotes the connected m-particle reference Green function. In Eq. (12) we introduced
the notation Vn[a1, ..., an, a
′
1, ..., a
′
n] which is a shorthand for:
Vn[a1, ..., an, a
′
1, ..., a
′
n]ξ1,...,ξn,ξ′1,...,ξ′n = (a1)ξ1,ψ1 ... (an)ξn,ψn Vn(ψ1, ..., ψn, ψ
′
1, ..., ψ
′
n) (a
′
1)ψ′1,ξ′1
... (a′n)ψ′n,ξ′n , (13)
where we sum over repeated indices. Vn represents a generic n-particle vertex function (e.g., connected Green’s
function, 1PI vertex ...) and ai is a two dimensional matrix in the multi index ξi.
Since the treatment of infinitely many multi-particle interactions poses an impossible task, approximations to the
infinite series defining the interaction have to be devised. We drop the interaction terms beyond the quartic one and
thus
Vˆ(ν¯, ν) ≈ −1
4
G
(2),c
R
[(
G−1R ν¯
)
,
(
G−1R ν¯
)
,
(
G−1R ν
)
,
(
G−1R ν
)]
= −1
4
γR2 [ν¯, ν¯, ν, ν], (14)
where γR2 denotes the one-particle irreducible (1PI) two-particle vertex of the reference system.
This represents an approximation based on the funda-
mental assumption that the effects of (m ≥ 3)-particle
scattering processes beyond the description of the ref-
4erence system can be neglected. The impact this has
on the resulting flow equations is discussed in Sec. IV.
While previous works14–22,27,30 have treated the auxil-
iary interaction Vˆ by means of perturbation theory or
ladder approaches, we propose using the fRG4 to per-
form a channel-unbiased resummation of diagrams to all
orders in a scale-dependent fashion, thereby further im-
proving on the physical results.
C. Relation to physical quantities
Once the solution in the auxiliary space is obtained,
we need to translate Green- and vertex-functions from
the auxiliary to the physical space. These relations can
be formulated in a very general way by establishing the
connection between the generating functionals. As shown
in Appendix C, the generating functionals of the Green
functions fulfill
G(η¯, η) = Ga
(
G−TR ∆
−T η¯, G−1R ∆
−1η
)× e−(η¯,∆−1η), (15)
with G−TR =
(
G−1R
)T
. Further relations for the generat-
ing functional of the connected Green functions, or the
effective interaction and the respective derivations are
presented in Appendix C. By taking the derivative of
Eq. (15) w.r.t. the source fields we find the relation be-
tween the physical and auxiliary Green functions
G = ∆−1 + ∆−1G−1R GaG
−1
R ∆
−1. (16)
Translated to the self energy, this relation reads
Σ = ΣR +
Σa
1+GRΣa
, (17)
where the fraction is to be understood as multiplication
by the inverse from the right. The corresponding relation
for the 1PI two-particle vertex reads (see Appendix C for
further details)
γ2 = γ2,a[ζ, ζ, ζ¯, ζ¯], (18)
with ζ = G¯−1GR and ζ¯ = GRG¯−1, where
G¯ =
(
g−1R − Σ
)−1
. (19)
In the following we refer to Eqs. (11), (17) and (18) and
generalizations thereof for higher order vertices as the
transformation to the auxiliary fields T .
D. DMFT as reference system
To make the procedure described above more concrete,
let us focus on the example of a reference system obtained
by DMFT. This allows for a direct comparison with the
DF approach and the recently introduced DMF2RG,7
which is summarized in Sec. V.
DMFT can be considered the quantum extension of
classical mean field theory32,33 as it can be formally de-
rived as the exact solution of a quantum lattice Hamilto-
nian in the limit of infinite spatial dimensions (d→∞)34.
In DMFT all non-local spatial correlations are averaged
out, and one can reduce the study of a quantum lattice
problem to a self consistently determined local impurity
problem. For instance, one can consider the action of a
one-band Hubbard model35 given by
Slattice = T
∑
ωn,σ
∫
dk ϕ¯k,σ(ωn)g
−1
k (ωn)ϕk,σ(ωn)
+ U
∑
i
∫
dτ (ni,↑(τ)− 1/2)(ni,↓(τ)− 1/2),
(20)
with T being the temperature, g−1k (ωn) = (iωn−µ− k),
k the energy dispersion of the lattice, i the lattice
site index, U the Hubbard interaction and ni,σ(τ) =
ϕ¯i,σ(τ)ϕi,σ(0). The on-site (local) properties of this ac-
tion are studied in DMFT by singling out a lattice site
and embedding it in an effective bath which accounts for
the presence of all the other sites, i.e., an Anderson impu-
rity model (AIM) in an effective bath. To guarantee that
the AIM approximates the local physics of the lattice, the
effective bath (or hybridization function) Γ(ωn) has to be
computed self-consistently, and the resulting frequency
dependence of the effective bath accounts for all purely
local quantum correlations. The self-consistency condi-
tion that determines the effective bath and the propa-
gator g−1imp(ωn) = iωn − Γ(ωn) (often referred to as dy-
namical Weiss field in the DMFT literature) of the AIM
reads:
GDMFT =
∫
dk
(
g−1k − ΣDMFT
)−1
=
(
g−1imp − ΣDMFT
)−1
,
(21)
where ΣDMFT is the self energy of the self-consistent im-
purity problem defined by gimp, and GDMFT represents
the DMFT approximation to the local interacting lattice
Green’s function. The self-consistency equation (21) fol-
lows directly from the DMFT assumption of locality of
the lattice self energy, which is clearly an approximation
in finite-dimensional systems.
Since the AIM can be solved exactly, the action of a
collection of disconnected self-consistent AIMs, one for
each lattice site, is well suited as reference action to ap-
proximate the physical action (1)
SR = T
∑
i,ωn,σ
ϕ¯i,σ(ωn)g
−1
imp(ωn)ϕi,σ(ωn)
+ U
∑
i
∫
dτ (ni,↑(τ)− 1/2)(ni,↓(τ)− 1/2).
(22)
This way, the local physics of the system, computed at
the DMFT level, is already included in the reference ac-
tion. Note that assuming the action (22) as reference
5action is what is typically51 done in the DF14–22 ap-
proaches. In some cases, also the solution of a cellu-
lar DMFT36 or a Dynamical Cluster Approximation37,38
calculation has been taken as a reference system18,39.
This way one is able to include non-perturbatively in
the initial conditions also the short-range spatial corre-
lations, providing a complementary multiscale39 frame-
work to treat correlations beyond DMFT over all length
scales. Hence, the DF reference system is defined by the
momentum-independent propagator gimp, while its inter-
acting Green’s function is the local DMFT one
G−1R = g
−1
imp − ΣDMFT. (23)
Performing the Hubbard-Stratonovich transformation to
introduce the auxiliary fermions relative to this reference
system, one obtains for the non-interacting propagator
ga =
1
iωn − k − Σimp −GR, (24)
which explicitly depends on the momentum k through
the lattice dispersion k. The first term in Eq. (24) rep-
resents the DMFT approximation to the lattice Green’s
function under the assumption of a local self energy. ga
is also referred to as the purely non-local propagator, as
the local impurity Green’s function is subtracted, and
therefore it vanishes by summing over the momenta. As
for the interaction between the auxiliary fields, this is,
according to Eq. (14), given by the 1PI two-particle ver-
tex of the AIM14. This input can be calculated40,41 to
high accuracy within the current numerical solvers for
the AIM.
IV. FLOW EQUATIONS
After having reformulated the initial problem by means
of the auxiliary action (5) we now address the issue of
solving this problem using the fRG. This procedure is
sketched in the right-hand side of Fig. 2. Integrating
the flow equations in auxiliary space (which are derived
in the following) results in an approximated solution for
the auxiliary problem that we can eventually translate
back to acquire a physical solution. This scheme is then
be compared to the one obtained by deriving fRG flow
equations directly in the physical space.
A. General formulation
We recall that the first step to determine the fRG flow
equations4 is to substitute the non-interacting propaga-
tor g of the system in question by a scale-dependent gΛ.
This allows for the derivation of an exact functional flow
equation that describes the gradual evolution of the ef-
fective action as the cutoff scale Λ is changed. Expanding
the flow equation in the 1PI vertex functions results in
an infinite hierarchy of the form
γ˙Λm = f(γ
Λ
1 , . . . , γ
Λ
m, γ
Λ
m+1). (25)
FIG. 2: Overview of the relation between the flow in physi-
cal and auxiliary space; T denotes the transformation to the
auxiliary fields.
For practical implementations this hierarchy is typically
truncated at the two-particle level by assuming that γΛ3 ≈
γΛini3 = 0, reducing the hierarchy to a set of coupled flow
equations for the self energy and the 1PI two-particle
vertex function
Σ˙Λ = −SΛ ◦ γΛ2 (26)
γ˙Λ2 = γ
Λ
2 ◦
(
SΛ ◦GΛ +GΛ ◦ SΛ) ◦ γΛ2 . (27)
In Eqs. (26) and (27) the ◦ stands for summation over
internal momenta and quantum numbers according to
standard diagrammatic rules as shown explicitly in Ap-
pendix A, while
SΛ = −GΛ
[
∂Λ
(
gΛ
)−1]
GΛ = ∂ΛG
Λ|ΣΛ fix (28)
denotes the single-scale propagator, with
GΛ =
[(
gΛ
)−1 − ΣΛ]−1 . (29)
The scale dependence of gΛ has to be chosen such that,
at the initial scale Λini, Σ
Λini and γΛini2 can be determined
exactly, while the physical propagator g is recovered at
the final scale Λfinal
gΛfinal = g. (30)
In conventional fRG approaches the bare propagator van-
ishes at the beginning of flow. We introduce the notation
gΛ = 0 . . . g (31)
to describe this scale-dependence. While this choice re-
sults in trivial initial conditions that can be read off from
the microscopic model action directly, recent works7–9,11
introduced the idea of starting the fRG flow from a ref-
erence system solution by choosing
gΛ = gR . . . g. (32)
This approach corresponds to the left-hand side of Fig. 2.
6B. Flow in the auxiliary space
In contrast to the derivation in the previous subsec-
tion, we now consider the reformulated problem for the
auxiliary fields, for which we set up an fRG flow in the
conventional sense. For this, we introduce a scale de-
pendent auxiliary field propagator gΛa = 0 . . . ga. The
resulting flow equations then read as Eqs. (26) and (27),
where all physical objects have to be replaced by their
auxiliary equivalents. Note that the relations (17) and
(18) between the scale-dependent physical and auxiliary
quantities remain valid. Even though the auxiliary self
energy ΣΛa vanishes at the scale Λini, the initial conditions
are in general highly nontrivial, since γΛini2,a = γ
R
2 .
As mentioned in Sec. III B, we approximate the bare
auxiliary interaction by its quartic term. This corre-
sponds to neglecting the effect of multi-particle scatter-
ing processes when calculating corrections of the refer-
ence system solution towards the physical one. In the
auxiliary fRG flow, this results in an initially vanishing
scale-dependent three-particle vertex, γΛini3,a = γ
R
3,c = 0,
which justifies our truncation of the auxiliary flow equa-
tion hierarchy. Note, however, that multi-particle scat-
tering processes are of course included in the exact so-
lution of our reference system, and thus in the initial
conditions (γΛini2,a = γ
R
2 ) of the flow. After solving these
flow equations numerically, results have to be translated
back, using the transformation T −1 as described in Sec.
III C.
This approach is similar in spirit to recent
approaches7–9,11 following Eq. (32), as depicted in the
left-hand side of Fig. 2. In fact, any cutoff of the form
(32) is translated to gΛa = 0 . . . ga in auxiliary space by
means of (11). Without any approximations the two flow
schemes yield identical results. The approximations due
to the truncation the flow equation hierarchy however
induce important differences, as illustrated in the fol-
lowing. We compare the two paths in Fig. 2 leading
to a hierarchy of physical flow equations γ˙Λm. In par-
ticular, we will compare the equations for the one- and
two-particle 1PI vertex functions as relevant to common
truncation schemes. Assuming that the scale dependence
gΛa translates into g
Λ by (11), we determine the relation
between the scale-dependent Green functions. Introduc-
ing the scale-dependence in Eq. (16) and solving for GΛa
yields
GΛa = ζ
Λ
(
GΛ − G¯Λ) ζ¯Λ, (33)
where G¯, defined by Eq. (19), acquires a scale depen-
dence via ΣΛ. For the single-scale propagator we use the
definition SΛa = ∂ΛG
Λ
a |ΣΛa fix to obtain
SΛa = ζ
ΛSΛζ¯Λ. (34)
Considering that
γΛ2,a = γ
Λ
2
[(
ζΛ
)−1
,
(
ζΛ
)−1
,
(
ζ¯Λ
)−1
,
(
ζ¯Λ
)−1]
, (35)
we find that each diagram contributing to the auxiliary
flow can be translated to its physical counterpart by mak-
ing the substitutions
γΛ2,a → γΛ2
SΛa → SΛ
GΛa → GΛ − G¯Λ.
(36)
To relate the flow equations for the self energy in the
physical and auxiliary space we take the Λ-derivative of
the scale-dependent Eq. (17)
Σ˙Λ = ζΛΣ˙Λa ζ¯
Λ. (37)
Applying the translation rules above, the corresponding
flow equation in physical space remains unchanged, and
is thus given by Eq. (26). The flow equations for the
two-particle vertex, instead, can be obtained by taking
the Λ-derivative of Eq. (35). Besides the contribution
arising by a direct translation of the diagrams in auxiliary
space through Eq. (36), additional terms arise due to the
derivative of the ζΛ factors attached at each leg
γ˙Λ2 = γ˙
Λ
2,a
[
ζΛ, ζΛ, ζ¯Λ, ζ¯Λ
]− γΛ2,a [Σ˙ΛGR, ζΛ, ζ¯Λ, ζ¯Λ]
− γΛ2,a
[
ζΛ, Σ˙ΛGR, ζ¯
Λ, ζ¯Λ
]
− γΛ2,a
[
ζΛ, ζΛ, GRΣ˙
Λ, ζ¯Λ
]
− γΛ2,a
[
ζΛ, ζΛ, ζ¯Λ, GRΣ˙
Λ
]
. (38)
Finally, by truncating the auxiliary flow equation at the
one-loop level, we get the following flow equations in
physical space
γ˙Λ2 = γ
Λ
2 ◦
(
SΛ ◦GΛ +GΛ ◦ SΛ) ◦ γΛ2 − γΛ2 ◦ (SΛ ◦ G¯Λ + G¯Λ ◦ SΛ) ◦ γΛ2
− γΛ2
[
Σ˙ΛG¯Λ,1,1,1
]
− γΛ2
[
1, Σ˙ΛG¯Λ,1,1
]
− γΛ2
[
1,1, G¯ΛΣ˙Λ,1
]
− γΛ2
[
1,1,1, G¯ΛΣ˙Λ
]
, (39)
7•
ΣΛ = γΛ2
SΛ
γΛ2
•
=
GΛ
γΛ2 γ
Λ
2 −
G¯Λ
γΛ2 γ
Λ
2 −
G¯Λ
γΛ2 γ
Λ
2
FIG. 3: Diagrammatic representation of the physical flow equations for ΣΛ and γΛ2 that correspond to solving the conventional
flow equations for the auxiliary fields using the 2nd order truncation.
for a detailed derivation we refer to Appendix D. The cor-
responding diagrams are shown in Fig. 3. The first term
of Eq. (39) is identical to the flow equation Eq. (27) for
the two-particle vertex in physical space, while the other
terms are not present in the conventional scheme. In par-
ticular, we note that the last four terms of Eq. (39) are
reducible in G¯Λ. However, this ”reducibility” does not
necessarily coincide with the reducibility in GΛ and could
be attributed to the specific approximation performed
here. This can also be understood by considering the re-
lation between the physical and auxiliary scale-dependent
three-particle vertices, depicted in Fig. 4. Assuming that
the effect of γΛ3,a on the flow is negligible, we find that
the effect of the physical 1PI three-particle vertex can be
described by the effect of the rightmost term in Fig. 4.
By connecting two of the six external (amputated) legs of
this diagram with a single-scale propagator, one obtains
the one-loop correction [second term in Eq. (39)] as well
as the ”reducible” corrections [last four terms in Eq. (39)]
to the conventional flow equation. In particular, 1PI
three-particle vertex corrections are included under the
assumption that the auxiliary 1PI three-particle vertex
vanishes. In conventional fRG, where it is assumed that
both sides of the equation depicted diagrammatically in
Fig. 4 do not contribute, three-particle vertex effects are
fully neglected, unless they are explicitly accounted for,
e.g., by two-loop diagrams42,43. Let us note that a simi-
lar diagrammatic structure of the flow equations has been
determined in a recent two-band fRG approach44, where
a high-energy band was included perturbatively, result-
ing in an effective one-particle reducible three-particle
interaction of the low-energy band. The correspond-
γΛ3 = γ
Λ
3,a − γΛ2 γΛ2
FIG. 4: Relation between the physical and auxiliary scale-
dependent three-particle vertex functions.
ing contribution to the two-particle vertex flow was sub-
sequently considered explicitly. We emphasize that in
the present approach the one-particle ”reducible” (in the
sense explained above) corrections to the physical self-
energy inferred by (17) appear at the two-particle level19
(as the last term in the flow equation for the vertex in
Fig. 3). On the other hand, comparing the auxiliary flow
equations to the ones obtained in the recently introduced
1PI approach27, allows to attribute the one-particle ”ir-
reducible” correction of the two-particle vertex to the
the first two terms. Translated to the self-energy, for
the Hubbard model with the DMFT as a starting point,
these terms produce the analogue of the purely non-local
contribution to the self-energy, which contains the Green
function difference G− G¯ in the diagrammatic series. In
contrast, the contribution containing ”irreducible” dia-
grams with at least one internal G¯-line of the 1PI ap-
proach is absent here, since the auxiliary three-particle
vertex is neglected. For the half-filled 2d Hubbard model
with the DMFT as a starting point, this approximation is
justified at relatively strong coupling, where the respec-
tive contribution was found to be largely compensated
by the contribution of the other channels27,45.
V. RELATIONS TO OTHER METHODS
The key idea presented in the previous sections is to
approach the physical problem of treating strongly inter-
acting fermions in a channel unbiased way in two essen-
tial steps: i) Setting up an expansion around a reference
system solution by means of auxiliary fermions, and ii)
solving the auxiliary problem by the fRG. Step i), first
introduced in Ref. 30, is the basis of all the studies per-
formed in the DF formalism14–22 as well as of the 1PI
approach27 and in the study of impurity systems within
superperturbation theory31. An fRG flow from an inter-
acting starting point, that is step ii), has been recently
proposed7–11.
To be more concrete, in the following, we concentrate
on the cases where the DMFT solution is used as a ref-
8erence system solution, which corresponds to the DF ap-
proaches regarding step i) and which has been also taken
as direct input for the DMF2RG flow. This corresponds
to take an action of the form of Eq. (22) as initial action
and constructs the flow to the final action by interpo-
lating the bare propagator from the AIM one, gimp, to
the final (lattice) one, g. Differently to the auxiliary field
method proposed here, however this is done directly in
physical space. The important question to be addressed,
then, is whether considering the flow in the auxiliary or in
the physical space is more convenient. In DMF2RG, one
is assuming that the effect of the DMFT three-particle
1PI vertex in correcting the self energy of the reference
system is small compared to the effect of two-particle one.
In the case of conventional fRG this can be justified, at
least at weak coupling, by a power counting argument6
showing that the leading order contribution to the three-
particle vertex is one order higher in the interaction com-
pared to the leading one in the two-particle vertex. At
intermediate-to-strong coupling, however, this argument
does not apply anymore. Hence, in DMF2RG one should
rely on the fact that the main contribution of the higher
order vertex functions to the truncated fRG flow is al-
ready included in the initial condition as sketched in
Fig. 1. Obviously, there is no guarantee that the effect of
the three-particle 1PI vertex can be neglected in general.
The difference with the approach discussed here in terms
of the auxiliary fields is the following: In the present
approach, the auxiliary three-particle vertex is neglected
as discussed in Sec. IV (see schematic representation in
Fig. 5). At the initial scale this corresponds to neglecting
the connected reference three-particle vertex52 instead of
the corresponding 1PI one. From the discussion above,
it is clear that the crucial question is whether the phys-
ical 1PI three-particle vertex or the auxiliary one has a
stronger effect on the corresponding flow. This certainly
strongly depends on the problem under consideration and
requires further focused investigations. Away from weak
coupling this question is all but trivial, apart for some
special cases, e.g., the Falicov-Kimball model22. Hith-
erto, due to its intrinsic numerical complexity, barely any
Physical flow Auxiliary flow
gΛ = gR . . . g g
Λ
a = 0 . . . ga
Effects of 1PI three-particle Mimic 1PI three-particle
vertex fully neglected vertex by means of
FIG. 5: Effects of the truncation in the physical and auxiliary
flow.
knowledge about the three-particle quantities is available
in the literature46. A noticeable exception is the case of
the Falicov-Kimball model, where it has been shown that
the local auxiliary three-particle vertex γ3,a exactly van-
ishes in the particle-hole symmetric case. Here, however,
perturbation theory considerations and the application of
the Fury theorem47 would suggest a simultaneous vanish-
ing of the 1PI three-particle vertex for the physical fields.
These results, however, cannot be directly extended to
the Hubbard model. Therefore one has to critically an-
alyze the results obtained with each approach and for
each specific case. In order to compare with DF calcula-
tions, one can directly analyze the diagrammatic contri-
butions in auxiliary space where the DF approach14–22
usually exploits perturbation theory or ladder resumma-
tions, as additional approximations. While one can not
expect to capture diverging fluctuations by means of sim-
ple perturbation theory, ladder approaches are per defi-
nition biased towards a selected channel. On the other
hand, by treating the auxiliary problem by means of the
fRG one is able to treat competing scattering channels
in an unbiased way. In particular, our approach allows
for an improved computation of the solution of the aux-
iliary problem, including, although approximately, the
parquet-approximation diagrams. Let us note that, dif-
ferently from other non-perturbative schemes24–26,29,39,
the calculations are based on the 1PI two-particle ver-
tex, and do not require the two-particle irreducible (2PI)
vertex at any point of the algorithm. This way one can
circumvent the technical problems arising from the re-
cently shown18,48,49 divergencies of the 2PI vertex at low
frequencies, which are not associated with any thermo-
dynamic transition.
VI. CONCLUSION
We have demonstrated how the theory of an fRG-based
expansion around a SC reference system can be rigor-
ously formulated in the general framework of auxiliary
fermionic variables. In particular, we have derived the ex-
plicit expressions for the fRG flow equations starting from
a generic (exactly solvable) SC reference problem in the
auxiliary fermionic fields and the corresponding transfor-
mation relations to calculate the physical quantities of
the final solution. These derivations allow to clarify the
relation to the fRG flow equations formulated directly for
the physical fermionic fields, including the first pioneer-
ing ones reported in the recent literature7,8,10–12. Fur-
thermore, we could also elucidate the implications of the
approximations introduced by truncating the hierarchy of
the flow equations in the different schemes, see Fig. 5 for a
summary. This represents indeed a pivotal aspect for all
strong-coupling fRG algorithms, since the conventional
arguments justifying the truncation does not hold any
longer beyond the weak-coupling regime. Hence, a pre-
cise definition of the diagrammatic content associated to
the truncation of a strong-coupling fRG flow is essential
9for adapting the novel algorithms to the non-perturbative
physics of interest. The reported analytic and diagram-
matic results, together with the physical insights which
can be captured within the different formulations of the
fRG with non-perturbative starting points, will provide
an important reference for any future method develop-
ment in this promising direction.
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Appendix
A. Notation details
Here we present explicitly Eq. (26) and Eq. (27), shown in compact notation in the main text. The flow equation
for the self energy reads
Σ˙(ξ1; ξ
′
1) = −
1
β
∑
ω2
∑
s′2,s2
SΛs′2;s2(ω2)γ
Λ
2 (ξ1, ξ2; ξ
′
1, ξ
′
2). (40)
We use the convention that for an m-particle quantity the first m arguments refer to the outgoing lines, and the
last m to the incoming lines. The loop-variables are ξ2 = (ω2, s2) and ξ
′
2(ω
′
2, s
′
2). It is implicitly assumed that the
energy is conserved (ω2 = ω
′
2), while the multi-index s2 consists of a set of continuous and discrete quantum numbers.
Therefore the summations
∑
s2,s′2
have to be understood as integrations or summations respectively. For example,
in the case where only spin and momentum are considered for a translationally invariant system (k2 = k
′
2), Eq. (40)
reads
Σ˙(ξ1; ξ
′
1) = −
1
β
∑
ω2
∑
σ2,σ′2
∫
dk SΛk′2σ′2,k2σ2(ω2)γ
Λ
2 (ω1k1σ1, ω2k2σ2;ω
′
1k
′
1σ
′
1, ω
′
2k
′
2σ
′
2). (41)
For the 1PI two-particle vertex the flow equation is usually subdivided in three channels (particle-particle, particle-hole
direct and particle-hole crossed) corresponding to the diagrammatic contributions
γ˙Λ2 (ξ1, ξ2; ξ
′
1, ξ
′
2) = Cpp(ξ1, ξ2; ξ′1, ξ′2) + Cpp−d(ξ1, ξ2; ξ′1, ξ′2) + Cph−c(ξ1, ξ2; ξ′1, ξ′2), (42)
with
Cpp(ξ1, ξ2; ξ′1, ξ′2) =
1
β
∑
ω3
∑
s3,s′3,s4,s
′
4
[
SΛs′3s3(ω3)G
Λ
s′4,s4
(ω1 + ω2 − ω3) +
GΛs′3s3(ω3)S
Λ
s′4,s4
(ω1 + ω2 − ω3)
]
γΛ2 (ξ1, ξ2; ξ
′
3, ξ
′
4)γ
Λ
2 (ξ3, ξ4; ξ
′
1, ξ
′
2), (43)
Cph−d(ξ1, ξ2; ξ′1, ξ′2) = −
1
β
∑
ω3
∑
s3,s′3,s4,s
′
4
[
SΛs′3s3(ω3)G
Λ
s′4,s4
(ω1 − ω′1 + ω3) +
GΛs′3s3(ω3)S
Λ
s′4,s4
(ω1 − ω′1 + ω3)
]
γΛ2 (ξ1, ξ3; ξ
′
1, ξ
′
4)γ
Λ
2 (ξ4, ξ2; ξ
′
3, ξ
′
2), (44)
Cph−c(ξ1, ξ2; ξ′1, ξ′2) =
1
β
∑
ω3
∑
s3,s′3,s4,s
′
4
[
SΛs′3s3(ω3)G
Λ
s′4,s4
(ω1 − ω′2 + ω3) +
GΛs′3s3(ω3)S
Λ
s′4,s4
(ω1 − ω′2 + ω3)
]
γΛ2 (ξ1, ξ3; ξ
′
2, ξ
′
4)γ
Λ
2 (ξ2, ξ4; ξ
′
1, ξ
′
3). (45)
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B. Auxiliary fields
Performing the Hubbard-Stratonovich transformation (4) yields an action
S(ϕ¯, ϕ, ν¯, ν) =SR(ϕ¯, ϕ) + Sϕ(ϕ¯, ϕ, ν¯, ν) + (ν¯, n∆−1nν), (46)
with Sϕ(ϕ¯, ϕ, ν¯, ν) = (ν¯, nϕ) + (ϕ¯, nν). We determine the interaction Vˆ of the auxiliary ν-fermions by integrating out
the ϕ-fields and obtain ∫
D(ϕ¯, ϕ)e−SR(ϕ¯,ϕ)−Sϕ(ϕ¯,ϕ,ν¯,ν) = ZR e (ν¯,Q˜ν)−Vˆ(ν¯,ν). (47)
This relation defines Vˆ and Q˜, where Q˜ is to be chosen such that Vˆ does not contain any quadratic part in the auxiliary
fermions. Note that the l.h.s. is closely related to the generating functional of the reference Green functions∫
D(ϕ¯, ϕ)e−SR(ϕ¯,ϕ)−Sϕ(ϕ¯,ϕ,ν¯,ν) = ZR GR(η¯, η)
∣∣
η=nν,η¯=nT ν¯
. (48)
Inserting in Eq. (47) and solving for Vˆ we obtain
Vˆ(ν¯, ν) = −
[
lnGR(η¯, η)− (η¯, n−1Q˜n−1η)
]
η=nν,η¯=nT ν¯
= −
[
−(η¯, GRη) +O(η¯2η2)− (η¯, n−1Q˜n−1η)
]
η=nν,η¯=nT ν¯
.
(49)
For the quadratic part of Vˆ to vanish we have to choose n−1Q˜n−1 = −GR and hence Q˜ = −nGRn. Thus
Vˆ(ν¯, ν) = − [lnGR(η¯, η) + (η¯, GRη)]η=nν,η¯=nT ν¯ , (50)
in accordance with Eq. (7). This functional generates two-particle and multi-particle connected Green functions,
where n is appended at the outer legs. The free propagation of the auxiliary fields is then described by
Qa = Q˜− n∆−1n = −n
[
GR + ∆
−1]n (51)
as shown in Eq. (6) for Qa = g
−1
a .
C. Relation between physical and auxiliary space
We here relate the physical to the auxiliary Green functions. For this we determine the relation between the
generating functional of the physical Green functions
G(η¯, η) = 1
Z detD
∫
D(ϕ¯, ϕ) D(ν¯, ν) e−S(ϕ¯,ϕ,ν¯,ν)+(η¯,ϕ)+(ϕ¯,η), (52)
and of the auxiliary Green functions
Ga(η¯, η) = 1
ZaZR
∫
D(ν¯, ν) D(ϕ¯, ϕ) e−S(ϕ¯,ϕ,ν¯,ν)+(η¯,ν)+(ν¯,η). (53)
We evaluate
−S(ϕ¯, ϕ, ν¯, ν) + (η¯, ϕ) + (ϕ¯, η) = −SR(ϕ¯, ϕ) + (η¯ + nT ν¯, ϕ) + (ϕ¯, η + nν)− (ν¯, n∆−1nν) (54)
and substitute nν → nν′ − η and nT ν¯ → nT ν¯′ − η¯
− SR(ϕ¯, ϕ) + (ν¯′, nϕ) + (ϕ¯, nν′)− (ν¯′, n∆−1nν′)− (η¯,∆−1η) + (η¯,∆−1nν′) + (ν¯′, n∆−1η)
=− S(ϕ¯, ϕ, ν¯′, ν′)− (η¯,∆−1η) + (nT∆−T η¯, ν′) + (ν¯′, n∆−1η). (55)
Thus
G(η¯, η) = Ga
(
nT∆−T η¯, n∆−1η
)× e−(η¯,∆−1η). (56)
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Taking the second derivative w.r.t. the source fields and setting η¯ = η = 0 yields
G = ∆−1 + ∆−1nGan∆−1, (57)
or
Ga = n
−1∆G∆n−1 − n−1∆n−1. (58)
This translates into a physical self energy
Σ = g−1 − [∆−1 + ∆−1nGan∆−1]−1 , (59)
which can be simplified to
Σ = ΣR +
G−1R n
−1Σa
GRn+ n−1Σa
, (60)
as reported in Eq. (17).
After deriving the relation (56) between the generating functionals of the physical and auxiliary Green functions,
we can now establish corresponding relations for the effective actions. Taking the logarithm of the above equation
yields
W(η¯, η) =Wa
(
nT∆−T η¯, n∆−1η
)− (η¯,∆−1η) (61)
from which we get
V(ν¯, ν) = [W(η¯, η) + (η¯, gη)]η=g−1ν
η¯=g−T ν¯
=
[Wa (nT∆−T η¯, n∆−1η)− (η¯,∆−1η) + (η¯, gη)]η=g−1ν
η¯=g−T ν¯
= [Wa (η¯, η) + (η¯, gaη)− (η¯, gaη)]η=n∆−1g−1ν
η¯=nT∆−T g−T ν¯
+
(
ν¯, [g−1 − g−1∆−1g−1]ν)
= [Wa (η¯, η) + (η¯, gaη)]η=g−1a gan∆−1g−1ν
η¯=g−Ta g
T
a n
T∆−T g−T ν¯
− (nT∆−T g−T ν¯, gan∆−1g−1ν) +
(
ν¯, [g−1 − g−1∆−1g−1]ν)
= Va(gTa nT∆−T g−T ν¯, gan∆−1g−1ν)− (nT∆−T g−T ν¯, gan∆−1g−1ν) +
(
ν¯, [g−1 − g−1∆−1g−1]ν) . (62)
Some algebra yields
ν∗ := gan∆−1g−1ν = −n−1G−1R
1
1− gΣR ν
ν¯∗ := gTa n
T∆−T g−T ν¯ = −n−TG−TR
1
1− gTΣTR
ν¯, (63)
and finally19
V(ν¯, ν) = Va(ν¯∗, ν∗)−
(
ν¯,
ΣR
1− gΣR ν
)
. (64)
Aside from the relation of the physical and auxiliary self-energy, a corresponding relation for the respective 1PI two-
particle vertices is easily derived by making use of relation (61). Taking the fourth derivative w.r.t. the source fields
we find
G(4),c = G(4),ca
[
∆−1n,∆−1n, n∆−1, n∆−1
]
. (65)
Amputating the full one-particle Green functions yields
γ2 = γ2,a
[
G−1∆−1nGa, G−1∆−1nGa, Gan∆−1G−1, Gan∆−1G−1
]
, (66)
which simplifies to
γ2 = γ2,a[ζ, ζ, ζ¯, ζ¯]. (67)
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D. Connection between fRG and the flow in the auxiliary space
To understand how the flow for the auxiliary fields is related to the conventional fRG flow, we will in the following
derive the relations between the flow equations. For this we assume that the scale dependence in QΛa is governed by
a physical cutoff QΛ only. The self-energy relation (60) holds also in the scale-dependent case, and we find
Σ˙Λ = G−1R n
−1Σ˙Λa
(
GRn+ n
−1ΣΛa
)−1 −G−1R n−1ΣΛa (GRn+ n−1ΣΛa )−1 n−1Σ˙Λa (GRn+ n−1ΣΛa )−1
= G−1R n
−1
[
1− ΣΛa
(
GRn+ n
−1ΣΛa
)−1
n−1
]
Σ˙Λa
(
GRn+ n
−1ΣΛa
)−1
=
[
G−1R n
−1 − (ΣΛ − ΣR)n−1] Σ˙Λa (GRn+ n−1ΣΛa )−1
=
[
G−1R n
−1 − (ΣΛ − ΣR)n−1] Σ˙Λa [GRn+GR [(ΣΛ − ΣR)−1 −GR]−1GRn]−1
=
(
QR − ΣΛ
)
n−1Σ˙Λan
−1 (QR − ΣΛ) = ζΛΣ˙Λa ζ¯Λ, (68)
with
G¯Λ =
[
QR − ΣΛ
]−1
, (69)
where we have already included a possible scale-dependence in the factors ζΛ =
(
nG¯Λ
)−1
and ζ¯Λ =
(
G¯Λn
)−1
. It can
also be shown easily that
GΛa = n
−1(QR − ΣΛ)
(
1
Q− ΣΛ −
1
QR − ΣΛ
)
(QR − ΣΛ)n−1 = ζΛ
(
GΛ − G¯Λ) ζ¯Λ. (70)
Let us now proceed with the single-scale propagator SΛa = ∂ΛG
Λ
a |Σa fixed. Note that keeping the auxiliary self energy
fixed in the derivative is equivalent to keeping the physical self energy fixed. Therefore by taking the derivative of
Eq. (70) we find
SΛa = ζ
Λ
(
∂ΛG
Λ|ΣΛ fixed
)
ζ¯Λ = ζΛSΛζ¯Λ, (71)
as G¯ and thus ζΛ only depend on Λ through the self energy. Looking at the flow in the physical system we find that
any vertex in the diagrams effectively gets
(
nG¯Λ
)−1
appended at each connection point and internal propagators are
given by GΛ−G¯Λ. Let us now consider the fRG truncation at second order, thus including the vertex flow. To achieve
this we solve the scale-dependent version of Eq. (67) for γΛ2,a
γΛ2,a = γ
Λ
2
[(
ζΛ
)−1
,
(
ζΛ
)−1
,
(
ζ¯Λ
)−1
,
(
ζ¯Λ
)−1]
. (72)
When constructing the diagrams contributing to the auxiliary flow, the
(
ζΛ
)−1
factors exactly cancel the outer
expressions in GΛa of (70) and S
Λ
a of (71) that connect to a vertex. The diagrams for the flow can thus be translated
according
γΛ2,a → γΛ2
SΛa → SΛ
GΛa → GΛ − G¯Λ
(73)
and the orders in γ2,a translate to the corresponding orders in γ2. Let us now come back to the task of deriving a
connection between the flow equations in physical and auxiliary space. To this end, we start by looking at the flow
equation for the two particle vertex. Since we also want to understand the effect of the truncation we first consider
the exact flow equations (i.e., without truncation) that involve the 1PI three-particle vertex. This reads, respectively
for the physical and auxiliary fermions:
γ˙Λ2 = γ
Λ
2 ◦
(
SΛ ◦GΛ +GΛ ◦ SΛ) ◦ γΛ2 + γΛ3 ◦ SΛ, (74)
γ˙Λ2,a = γ
Λ
2,a ◦
(
SΛa ◦GΛa +GΛa ◦ SΛa
) ◦ γΛ2,a + γΛ3,a ◦ SΛa . (75)
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γΛ3 = γ
Λ
3,a − γΛ2 γΛ2 − γΛ2 γΛ2
FIG. 6: Diagrammatic structure of Eq. (78). The factors ζΛ appended at each leg of γΛ3,a are implicitly included in the diagram.
Differentiating Eq. (67) with respect to Λ, substituting Eq. (75), and using Eqs. (71), (70) and (67) we obtain:
γ˙Λ2 = γ˙
Λ
2,a
[
ζΛ, ζΛ, ζ¯Λ, ζ¯Λ
]− γΛ2,a [Σ˙Λn−1, ζΛ, ζ¯Λ, ζ¯Λ]− γΛ2,a [ζΛ, Σ˙Λn−1, ζ¯Λ, ζ¯Λ]
− γΛ2,a
[
ζΛ, ζΛ, n−1Σ˙Λ, ζ¯Λ
]
− γΛ2,a
[
ζΛ, ζΛ, ζ¯Λ, n−1Σ˙Λ
]
= γΛ2 ◦
(
SΛ ◦ (GΛ − G¯Λ)+ (GΛ − G¯Λ) ◦ SΛ) ◦ γΛ2 + γΛ3,a [ζΛ, ζΛ, ζΛ, ζ¯Λ, ζ¯Λ, ζ¯Λ] ◦ SΛ
− γΛ2
[
Σ˙ΛG¯Λ,1,1,1
]
− γΛ2
[
1, Σ˙ΛG¯Λ,1,1
]
− γΛ2
[
1,1, G¯ΛΣ˙Λ,1
]
− γΛ2
[
1,1,1, G¯ΛΣ˙Λ
]
(76)
Neglecting the term proportional to γΛ3,a, consistently with a one-loop approximation in auxiliary space, one directly
obtains Eq. (39). To understand the connection between the three-particle physical and auxiliary vertexes, instead,
let us keep all the terms and compare Eq. (76) with Eq. (74). A moment of inspection shows that:
γΛ3 ◦ SΛ = γΛ3,a
[
ζΛ, ζΛ, ζΛ, ζ¯Λ, ζ¯Λ, ζ¯Λ
] ◦ SΛ − γΛ2 ◦ (SΛ ◦ G¯Λ + G¯Λ ◦ SΛ) ◦ γΛ2
− γΛ2
[
Σ˙ΛG¯Λ,1,1,1
]
− γΛ2
[
1, Σ˙ΛG¯Λ,1,1
]
− γΛ2
[
1,1, G¯ΛΣ˙Λ,1
]
− γΛ2
[
1,1,1, G¯ΛΣ˙Λ
]
(77)
Using the flow equation for the self energy in physical space, Eq. (26), and Eq. (71) yields:
γΛ3 ◦ SΛ = γΛ3,a
[
ζΛ, ζΛ, ζΛ, ζ¯Λ, ζ¯Λ, ζ¯Λ
] ◦ SΛ − γΛ2 ◦ (SΛ ◦ G¯Λ + G¯Λ ◦ SΛ) ◦ γΛ2
− γΛ2
[
SΛ ◦ γΛ2 ◦ G¯Λ,1,1,1
]− γΛ2 [1, SΛ ◦ γΛ2 ◦ G¯Λ,1,1]
− γΛ2
[
1,1, G¯Λ ◦ γΛ2 ◦ SΛ,1
]− γΛ2 [1,1,1, G¯Λ ◦ γΛ2 ◦ SΛ] (78)
which can be depicted diagrammatically as shown in Fig. 6. The last six terms on the right hand side of this equation
can be seen diagrammatically as the possible distinct ways of connecting two out of the six external points of the
quantity γΛ2 ◦ G¯Λ ◦ γΛ2 , and therefore acquire the same diagrammatic structure of the first two terms. Hence by
performing a functional derivative with respect to SΛ we can finally write a relation between the three-particle vertex:
γΛ3 = γ
Λ
3,a
[
ζΛ, ζΛ, ζΛ, ζ¯Λ, ζ¯Λ, ζ¯Λ
]− γΛ2 ◦ G¯Λ ◦ γΛ2 , (79)
as depicted diagrammatically in Fig. 4. Let us also note explicitly that this equation is consistent with the fact that
in the beginning of the flow the auxiliary 1PI three-particle vertex is equal to the amputated connected three particle
Green’s function of the reference system.
As for the flow of the self energy one can see from Eq. (37), that no further diagrams appear by performing the
flow in the auxiliary space, i.e., the self energy flow equation Eq. (26) remains the same, and the only differences arise
indirectly due to the change of the vertex during the flow discussed above.
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